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We introduce a dual Zariski topology on the spectrum of fully coprime R-submodules
of a given duo module M over an associative (not necessarily commutative) ring R .
This topology is deﬁned in a way dual to that of deﬁning the Zariski topology on the
prime spectrum of R . We investigate this topology and clarify the interplay between the
properties of this space and the algebraic properties of the module under consideration.
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1. Introduction
Inspired by the interplay between the Zariski topology deﬁned on the prime spectrum of a commutative ring R and
the ring theoretic properties of R in [10,7] (see also [18,27,36]), we introduce in this paper a dual Zariski topology on the
spectrum Specfc(M) of fully coprime submodules of a given non-zero duo module M over an associative ring R and study
the interplay between the properties of RM and the topological space we obtain. The spectrum we consider was introduced
for bicomodules over corings in [2] (see also [30,33]) and topologized in [3] where a Zariski-like topology was investigated.
Some of the results in this paper can be considered as module-theoretic versions of results in [2] and are dual to results in
[1] which is devoted to a Zariski topology on the spectrum of fully prime submodules of a given duo module.
This paper extends also the study of the so-called top modules, i.e. modules whose spectrum of prime submodules attains
a Zariski topology (e.g. [16,17,19,20,34,35]), to a notion of primeness not dealt with so far from the topological point of
view (other notions appear, for example, in [13,32,23,24,30,2,33]).
As the classical Zariski topology can be used to study the structure of a ring R , considered as a bimodule over itself, we
clariﬁed in [2] how to use the dual Zariski topology to study the structure of a coring C considered as a bicomodule over
itself. For the readers who are more familiar with rings, we summarize in what follows some of the main results of the
paper for the special case of M = R , a commutative ring (the results can be adjusted in a suitable way to ﬁt the left duo
rings or the right duo rings).
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458 J. Abuhlail / Topology and its Applications 158 (2011) 457–467Let R be a commutative ring, considered as an R-module, and notice that End(R R)  R . Let I(R) be the set of ideals of
R and Min(R) the set of minimal ideals of R (i.e. non-zero ideals of R which contain no other ideals of R). For any A, B ⊆ R ,
let (B :R A) := {r ∈ R | ra ∈ B for every a ∈ A}. For any I, J ∈ I(R) we set
I R J :=
⋂
r∈(0:R I)
( J :R r). (1)
Notice that I + J ⊆ I R J . If R is self-cogenerator, then I R J = (0 :R (0 :R I)(0 :R J )) (see Lemma 3.2). We say a non-zero
ideal K of R is a fully coprime ideal if
K ⊆ I R J ⇒ K ⊆ I or K ⊆ J for any I, J ∈ I(R). (2)
Notice that R is fully coprime if and only if R is simple (since R = I R (0 :R I) for every I ∈ I(R)). The spectrum Specfc(R)
of fully coprime ideals of R attains a dual Zariski topology Zfc(R) by declaring the closed sets to be {V(L) | L ∈ I(R)}, where
V(L) := {K ∈ Specfc(R) | K ⊆ L}. The coradical of R is deﬁned as
Coradfc(R) :=
∑
K∈Specfc(R)
K
(:= 0 if Specfc(R) = ∅).
If R is self-injective, then Min(R) ⊆ Specfc(R) (Remark 3.12), whence Soc(R) ⊆ Coradfc(R).
We are ready now to list some sample results on the topological space Specfc(R):
By Theorem 3.24, if R is Artinian (Noetherian), then Specfc(R) is Noetherian (Artinian). By Theorem 3.26, Specfc(R) is
irreducible if and only if Coradfc(R) ∈ Specfc(R); and assuming R to be self-injective, Min(R) is irreducible if and only if
Soc(R) ∈ Specfc(R).
Assume now that R is self-injective with essential socle. By Proposition 3.30, R is uniform if and only if Specfc(R) is
ultraconnected. If Specfc(R) = Min(R), then Theorem 3.33 shows that Specfc(R) is (countably) compact if and only if it is
ﬁnite (countable) and Theorem 3.34 shows that R has a unique minimal ideal if and only if Specfc(R) is connected. By
Proposition 3.40, Specfc(R) is T1 if and only if Specfc(R) = Min(R) (for example, this is the case for self-injective self-
cogenerator Noetherian π -regular commutative rings; see Lemma 3.35). Our last result Theorem 3.41 shows that every fully
coprime ideal of R is minimal if and only if Specfc(R) is discrete if and only if it is T2 (T1).
The paper is organized as follows: After this introduction, we collect in Section 2 some preliminaries and recall some
properties and notions from Module Theory that will be needed in the sequel. In Section 3, given a non-zero duo left R-
module M , we introduce and investigate a dual Zariski topology on the spectrum Specfc(M) of non-zero submodules that
are fully coprime in M (e.g. [2,30,33]). In particular, we investigate when this space is Noetherian or Artinian (Theorem 3.24),
irreducible (Theorem 3.26), ultraconnected (Proposition 3.30), compact or locally compact (Theorem 3.33), connected (The-
orem 3.34), T1 (Proposition 3.40) or T2 (Theorem 3.41).
2. Preliminaries
In this section, we ﬁx some notation and recall some deﬁnitions and basic results. For any undeﬁned terminology, the
reader is referred to [31] and [5].
Throughout, R is an associative (not necessarily commutative) ring with 1R = 0R and M is a non-zero unital left R-
module. By an ideal we mean a two-sided ideal and by an R-module we mean a left R-module, unless explicitly otherwise
mentioned. We set S := End(RM)op (the ring of R-linear endomorphisms of M with multiplication given by the opposite
composition of maps) and consider M as an (R, S)-bimodule in the canonical way. We write L R M (L R M) to indicate
that L is a (proper) R-submodule of M . For non-empty subsets L ⊆ M and I ⊆ R we set
(L :R M) := {r ∈ R | rM ⊆ L} and (L :M I) := {m ∈ M | Im ⊆ L}.
Deﬁnition 2.1. We say L R M is fully invariant or characteristic iff f (L) ⊆ L for every f ∈ S (equivalently iff L  M is an
(R, S)-subbimodule). In this case, we write L f.i.R M . We call RM duo or invariant iff every R-submodule of M is fully
invariant.
Recall that the ring R is said to be left duo (right duo) iff every left (right) ideal of R is two-sided and to be left quasi-duo
(right quasi-duo) iff every maximal left (right) ideal of R is two-sided. Moreover, R is said to be (quasi-)duo iff R is left and
right (quasi-)duo.
2.2. Examples of duo modules are:
1. uniserial Artinian modules [21];
2. self-injective self-cogenerator modules with commutative endomorphism rings (e.g. [31, 48.16]);
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L = (L :R M)M . Multiplication modules over commutative rings have been studied intensively in the literature (e.g.
[6,22,26]). Several results in these paper have been generalized by Tuganbaev (e.g. [28,29]) to modules over rings close
to be commutative (see [1] for a summary);
4. comultiplication modules: RM is comultiplication iff every L R M is of the form L = (0 :M I) for some ideal I of R ,
equivalently, L = (0 :M (0 :R L)). A commutative ring for which R R is a comultiplication module is called a dual ring. For
examples and results on such modules, we refer mainly to [4] and [8].
Notation. With L(M) (Lf.i.(M)) we denote the lattice of (fully invariant) R-submodules of M . Moreover, for every L R M
we set
Kf.i.(L) := {L˜ R M ∣∣ L˜ ⊆ L and L˜ f.i.R M}.
Lemma 2.3. Let L f.i.R M. Then Lf.i.(L) ⊆ Kf.i.(L) with equality in case RM is self-injective. In particular, if RM is self-injective (and
duo), then R L is self-injective (and duo).
2.4. By S(M) (Sf.i.(M)) we denote the (possibly empty) class of simple R-submodules of M (simple (R, S)-subbimodules
of RMS , i.e. non-zero fully invariant R-submodules of M that have no non-zero proper fully invariant R-submodules). For
every L R M , we set
S(L) := {K ∈ S(M) ∣∣ K ⊆ L};
Ŝ(L) := {K ∈ Sf.i.(M) ∣∣ K ⊆ L}.
2.5. Let L R M . We say that L is essential or large in M , and write L  M , iff L ∩ L˜ = 0 for every 0 = L˜  M . On the other
hand, we say L is superﬂuous or small in M and write L 
 M , iff L + L˜ = M for every L˜ R M . With Max(R) we denote the
spectrum of maximal ideals of R and with Spec(R) prime spectrum of R; moreover, the prime radical of R is deﬁned as
Prad(R) :=
⋂
P∈Spec(R)
P .
The socle of M is deﬁned as
Soc(M) :=
∑
L∈S(M)
L =
⋂
LM
L
(:= 0 iff S(M) = ∅).
Call a semisimple module M completely inhomogeneous iff M is a direct sum of pairwise non-isomorphic simple submodules.
Deﬁnition 2.6. We say RM is
colocal (or cocyclic [31], subdirectly irreducible [5]) iff M contains a smallest non-zero R-submodule that is contained in
every non-zero R-submodule of M , equivalently iff
⋂
0=LRM L = 0;
uniform iff for any 0 = L1, L2 R M , also L1 ∩ L2 = 0, equivalently iff every non-zero R-submodule of M is essential;
atomic iff every 0 = L R M contains a simple R-submodule, equivalently iff Soc(L) = 0 for every 0 = L R M;
f.i.-atomic iff Ŝ(L) = ∅ for every 0 = L f.i.R M , equivalently iff RMS is atomic.
Examples 2.7. ([15]) Coﬁnitely generated modules (modules with ﬁnitely generated essential socles; called also ﬁnitely related
modules), semisimple modules and Artinian modules are atomic. All left modules over right perfect (e.g. left Artinian) rings
are atomic. The Abelian group Z is uniform but not atomic.
Deﬁnition 2.8. We call an R-module M an S-IAD-module iff RM is self-injective, atomic and duo.
Examples 2.9. The following are classes of S-IAD-modules:
1. self-injective Artinian uniserial modules: Artinian modules are obviously atomic and Artinian uniserial modules are duo
by [21];
2. ﬁnitely generated self-injective self-cogenerator modules with commutative endomorphism rings: such modules are duo
and ﬁnitely cogenerated by [31, 48.16], whence atomic;
3. self-injective duo left modules over right perfect rings;
4. self-injective duo modules that are coﬁnitely generated (resp. semisimple, Artinian).
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In what follows, we ﬁx some deﬁnitions and notions for topological spaces. For further information, the reader might
consult any book in General Topology (e.g. [11]).
Deﬁnition 2.10. We call a topological space X (countably) compact, iff every open (countable) cover of X has a ﬁnite sub-
cover. Countably compact spaces are also called Lindelöf spaces. Note that some authors (e.g. [11,10]) assume that compact
spaces are in addition Hausdorff.
2.11. We say a topological space X is Noetherian (Artinian), iff every ascending (descending) chain of open sets is stationary,
equivalently iff every descending (ascending) chain of closed sets is stationary.
Deﬁnition 2.12. (e.g. [11,10]) A non-empty topological space X is said to be
1. ultraconnected, iff the intersection of any two non-empty closed subsets is non-empty;
2. irreducible (or hyperconnected), iff X is not the union of two proper closed subsets; equivalently, iff the intersection of
any two non-empty open subsets is non-empty;
3. connected, iff X is not the disjoint union of two proper closed subsets; equivalently, iff the only subsets of X that are
clopen (i.e. closed and open) are ∅ and X.
2.13. ([11,10]) Let X be a non-empty topological space. A non-empty subset A ⊆ X is an irreducible set in X iff it’s an
irreducible space w.r.t. the relative (subspace) topology; in fact, A ⊆ X is irreducible iff for any proper closed subsets A1, A2
of X we have
A ⊆ A1 ∪ A2 ⇒ A ⊆ A1 or A ⊆ A2.
A maximal irreducible subspace of X is called an irreducible component. An irreducible component of a topological space is
necessarily closed. The irreducible components of a Hausdorff space are just the singleton sets.
Deﬁnition 2.14. Let X be a topological space and Y ⊆ X be a closed set. A point y ∈ Y is said to be a generic point, iff
Y = {y}. If every irreducible closed subset of X has a unique generic point, then we call X a Sober space.
Deﬁnition 2.15. A collection G of subsets of a topological space X is locally ﬁnite, iff every point of X has a neighborhood
that intersects only ﬁnitely many elements of G .
3. Fully coprime submodules
As before, M is a non-zero unital left R-module. In this section, we topologize the spectrum Specfc(M) of submodules
that are fully coprime in M . For more information on fully coprimeness, the interested reader can consult [2] (see also [30]
and [33]).
Notation. For subsets L ⊆ M and I ⊆ S , we set
An(L) := { f ∈ S ∣∣ f (L) = 0} and Ke(I) =⋂
f ∈I
Ker( f ). (3)
3.1. For R-submodules X, Y R M we set
X M Y :=
⋂{
f −1(Y )
∣∣ f ∈ An(X)}= ⋂
f ∈An(X)
{
Ker(πY ◦ f : M → M/Y )
}
.
If X R M is fully invariant, then XM Y R M is also fully invariant; and if Y R M is fully invariant, then X+Y ⊆ XM Y .
Recall that RM is said to be a self-cogenerator, iff M cogenerates all of its factor R-modules (e.g. [31, Section 15]).
Lemma 3.2. (See [2, Lemma 4.9].) Let X, Y f.i.R M. If RM is self-cogenerator, then
X M Y = Ke
(
An(X) ◦op An(Y )). (4)
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R-submodules X, Y f.i.R M:
K R X M Y ⇒ K R X or K R Y .
In particular, we say RM is a fully coprime module iff for any fully invariant R-submodules X, Y f.i.R M:
M = X M Y ⇒ M = X or M = Y .
Proposition 3.4. ([30, 1.7.3], [33, 3.7]) The following are equivalent:
1. RM is fully coprime.
2. M is M/K-generated for any K f.i.R M.
3. Any M-generated R-module is M/K-generated for any K f.i.R M.
Remark 3.5. The deﬁnition of fully coprime modules we adopt is a modiﬁcation of the deﬁnition of prime modules intro-
duced by Bican et al. [9], where arbitrary submodules are replaced by fully invariant ones (we call such modules B-coprime).
In fact, RM is B-coprime if and only if M is generated by each of its non-zero factor modules. Clearly, every B-coprime
module is fully coprime. A duo module is B-coprime if and only if it is fully coprime. For more details on fully coprime
modules, the reader is referred to [2] (see also [30] and [33]).
Example 3.6. The Abelian group Q is fully coprime since it has no non-trivial fully invariant subgroups. Notice that ZQ is
not B-coprime since Q is not generated by Q/Z.
3.7. We deﬁne
Specfc(M) := {0 = K f.i.R M ∣∣ K is fully coprime in M}.
We say RM is fc-coprimeless, iff Specfc(M) = ∅. Moreover, for every R-submodule L R M we set
V fc(L) := {K ∈ Specfc(M) ∣∣ K ⊆ L}, X fc(L) := {K ∈ Specfc(M) ∣∣ K  L}
and
CoradfcM(L) :=
∑
K∈V fc(L)
K
(:= 0 if V fc(L) = ∅).
We say L f.i.R M is fc-coradical iff Corad
fc
M(L) = L. In particular, we call RM an fc-coradical module iff CoradfcM(M) = M .
Remark 3.8. For any L1 R L2 R M we have CoradfcM(L1) ⊆ CoradfcM(L2). Moreover, for any L R M we have
CoradfcM
(
CoradfcM(L)
)= CoradfcM(L).
3.9. A non-zero fully invariant R-submodule L f.i.R M will be called E-prime iff the ideal An(K ) S is prime. With EP(M)
we denote the class of E-prime R-submodules of M .
Recall that RM is said to be intrinsically injective iff AnKe(I) = I for every ﬁnitely generated right ideal I  S . Every
self-injective R-module is intrinsically injective (e.g. [31, 28.1]).
Proposition 3.10. ([2, Proposition 4.12]) If RM is a self-cogenerator, then EP(M) ⊆ Specfc(M) with equality if RM is intrinsically
injective. If moreover S is right Noetherian, then
Prad(S) = An(Coradfc(M)) and Coradfc(M) = Ke(Prad(S)).
Proposition 3.11. ([2, Proposition 4.7]) Let 0 = L f.i.R M. Then
Lf.i.(L) ∩ Specfc(M) ⊆ Specfc(L),
with equality if RM is self-injective. In particular, if RM is self-injective then
L is fully coprime in M ⇔ R L is a fully coprime module.
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Proposition 3.11; hence if, in addition, M is f.i.-atomic, then for every non-zero L f.i.R M we have ∅ = Ŝ(L) ⊆ Specfc(L) =
V fc(L) ⊆ Specfc(M).
Deﬁnition 3.13. Let K ∈ Specfc(M). We say that K is maximal under L, where 0 = L f.i.R M iff K is a maximal element of
V fc(L), equivalently K ⊆ L and there is no K˜ ∈ Specfc(M) that is contained in L and contains K strictly. We say that K is
maximal in Specfc(M) iff K is maximal under M .
Lemma 3.14. Let M be self-injective and f.i.-atomic. For every 0 = L f.i.R M there exists K ∈ Specfc(M) which is maximal under L. In
particular, Specfc(M) has a maximal element.
Proof. Let 0 = L f.i.R M . By Remark 3.12, ∅ = Ŝ(L) ⊆ V fc(L). Let
K1 ⊆ K2 ⊆ · · · ⊆ Kn ⊆ Kn+1 ⊆ · · ·
be an ascending chain in V fc(L) and set K˜ :=⋃∞i=1 Ki . Suppose that there exist two fully invariant R-submodules L1, L2 f.i.R
M with K˜ ⊆ L1M L2 but K˜  L1 and K˜  L2. Then Kn1  L1 for some n1 and Kn2  L2 for some n2. Setting n :=max{n1,n2},
we have Kn ⊆ L1 M L2 while Kn  L1 and Kn  L2, a contradiction. So, K˜ ∈ V fc(L). By Zorn’s Lemma, V fc(L) has a maximal
element. In particular, Specfc(M) = V fc(M) has a maximal element. 
We introduce now a notion for modules which will prove to be useful in the sequel. Moreover, this notion seems to be
of independent interest (see the survey in [25]):
3.15. We say that RM has the min-property iff for any simple R-submodule L ∈ S(M) we have L  Le , where
Le :=
∑
K∈S(M)\{L}
K
(:= 0 if S(M) = {L}). (5)
Since simple modules are cyclic, RM has the min-property if and only if for any L ∈ S(M) and any ﬁnite subset {L1, . . . , Ln} ⊆
S(M) \ {L}, we have L ∑ni=1 Li . It is obvious that RM has the min-property if and only if the class S(M) of simple R-
submodules is independent in the sense of [12, p. 8]. By [25, Theorem 2.3], RM has the min-property if and only if all
distinct simple R-submodules of M are non-isomorphic (i.e. Soc(M) is completely inhomogeneous).
Examples 3.16.
1. Every R-module with at most one simple R-submodule (e.g. a colocal R-module) has the min-property.
2. Let R have the property that R/P is left Artinian for every primitive left ideal P of R (e.g. R is a commutative ring,
or a PI-ring, or a semilocal ring). Let {Uλ}λ∈Λ be any collection of pairwise non-isomorphic simple R-modules and
consider M :=∏λ∈Λ Uλ . Then Soc(RM) =⊕λ∈Λ Uλ is completely inhomogeneous and so RM has the min-property [25,
Proposition 2.6].
3. A ﬁnitely generated Artinian module over a commutative ring has the min-property if and only if it is a comultiplication
module [4, Theorem 3.11].
Lemma 3.17. If RM is self-injective and duo, then RM has the min-property.
Proof. It is clear that under the given assumptions, S(M) contains at most one copy of any simple R-module. 
Topfc-modules
Notation. Set
ξ fc(M) := {V fc(L) ∣∣ L R M}; ξ fcf.i.(M) := {V fc(L) ∣∣ L f.i.R M};
τ fc(M) := {X fc(L) ∣∣ L R M}; τ fcf.i.(M) := {X fc(L) ∣∣ L f.i.R M};
Zfc(M) := (Specfc(M), τ fc(M)); Zfcf.i.(M) := (Specfc(M), τ fcf.i.(M)).
Lemma 3.18.
1. V fc(0) = ∅ and V fc(M) = Specfc(M).
J. Abuhlail / Topology and its Applications 158 (2011) 457–467 4632. If {Lλ}Λ ⊆ L(M), then
⋂
Λ
V fc(Lλ) = V fc
(⋂
Λ
Lλ
)
.
3. If L, L˜ ∈ Lf.i.(M), then
V fc(L) ∪ V fc(L˜) = V fc(L + L˜) = V fc(L M L˜).
Proof. Statements “1” and “2” and the inclusions V fc(L) ∪ V fc(L˜) ⊆ V fc(L + L˜) ⊆ V fc(L M L˜) in (3) are obvious. Let K ∈
V fc(L M L˜), so that K ⊆ L M L˜. Since K is fully coprime in M , we have K ⊆ L whence K ∈ V fc(L), or K ⊆ L˜ whence
K ∈ V fc(L˜). 
For an arbitrary R-module M , the set ξ fc(M) is not necessarily closed under ﬁnite unions. This motivates the following
Deﬁnition 3.19. We call RM an topfc-module iff ξ fc(M) is closed under ﬁnite unions.
Notation. For any A ⊆ Specfc(M) set
H(A) :=
∑
K∈A
K (:= 0 if A = ∅).
As a direct consequence of Lemma 3.18 we get
Theorem 3.20. Zfcf.i.(M) := (Specfc(M), τ fcf.i.(M)) is a topological space. In particular, if RM is duo, then M is a topfc-module and
Zfc(M) := (Specfc(M), τ fc(M)) is a topological space.
Lemma 3.21. Let RM be a topfc-module. The closure of any subset A ⊆ Specfc(M) is
A = V fc(H(A)). (6)
Proof. Let A ⊆ Specfc(M). Since A ⊆ V fc(H(A)) and V fc(H(A)) is a closed set, we have A ⊆ V fc(H(A)). On the other
hand, suppose that H ∈ V fc(H(A)) \ A and let X fc(L) be a neighborhood of H , so that H  L. Then there exists W ∈ A
with W  L (otherwise H ⊆ H(A) ⊆ L, a contradiction), i.e. W ∈ X fc(L) ∩ (A \ {H}) is a cluster point of A. Consequently,
A = V fc(H(A)). 
Remarks 3.22. Let M be a topfc-module and consider the Zariski topology Zfc(M) := (Specfc(M), τ fc(M)).
1. Zfc(M) is a T0 (Kolmogorov) space.
2. If RM is duo, then B := {X fc(L) | L R M is ﬁnitely generated} is a basis of open sets for Zfc(M): any K ∈ Specfc(M)
is contained in some X fc(L) for some ﬁnitely generated R-submodule L R M (e.g. L = 0). Moreover, if L1, L2 R M
are ﬁnitely generated and K ∈ X fc(L1) ∩ X fc(L2), then L := L1 + L2 R M is also ﬁnitely generated and we have K ∈
X fc(L) = X fc(L1) ∩ X fc(L2).
3. If L ∈ Specfc(M), then {L} = V fc(L). In particular, for any K ∈ Specfc(M):
K ∈ {L} ⇔ K ⊆ L.
4. If RM is self-injective and duo, then
X fc(L) = ∅ ⇒ Soc(M) ⊆ L. (7)
The converse of (7) holds if, for example, S(M) = Specfc(M).
5. Let RM be an S-IAD-module. For every L R M we have V fc(L) = ∅ if and only if L = 0.
6. Let RM be self-injective and 0 = L f.i.R M . The embedding
ι : Specfc(L) → Specfc(M)
is continuous: this follows from Proposition 3.11, which implies that ι−1(V fc(N)) = V fc(N ∩ L) for every R-submodule
N R M .
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CL
(
Zfc(M)
) := {A ⊆ Specfc(M) ∣∣A = A} and CRfc(M) := {L R M ∣∣ CoradfcM(L) = L}.
Theorem 3.23. Let M be a topfc-module.
1. We have an order-preserving bijection
CRfc(M) ↔ CL(Zfc(M)), L → V fc(L). (8)
2. Zfc(M) is Noetherian if and only if RM satisﬁes the DCC condition on fc-coradical submodules.
3. Zfc(M) is Artinian if and only if RM satisﬁes the ACC condition on fc-coradical submodules.
Proof. Notice that for any L R M we have V fc(L) ∈ CL(Zfc(M)) and CoradfcM(L) ∈ CRfc(M) by Remark 3.8. Consider now
ψ : CL(Zfc(M))→ CRfc(M), V fc(L) → CoradfcM(L).
For every L ∈ CRfc(M) we have
ψ
(V fc(L))= CoradfcM(L) = L.
Moreover, for every A := V fc(K ) ∈ CL(Zfc(M)) we have
V fc(ψ(A))= V fc(ψ(V fc(K )))= V fc(CoradfcM(K ))= V fc(H(A))= A = A.
Notice now that (2) and (3) follow directly from (1) and so we are done. 
Theorem 3.24. Let M be a topfc-module. If RM is Artinian (Noetherian), then Zfc(M) is Noetherian (Artinian).
Proposition 3.25. Let RM be duo. Then A ⊆ Specfc(M) is irreducible if and only if H(A) is fully coprime in M.
Proof. Let RM be duo and A ⊆ Specfc(M).
(⇒) Assume that A is irreducible. By deﬁnition, A = ∅ and so H(A) = 0. Suppose that H(A) is not fully coprime
in M , so that there exist R-submodules X, Y R M with H(A) ⊆ X M Y but H(A)  X and H(A)  Y . It follows that
A ⊆ V fc(X M Y ) = V fc(X) ∪ V fc(Y ) a union of two proper closed subsets, a contradiction. Consequently, H(A) is fully
coprime in M .
(⇐) Assume that H(A) ∈ Specfc(M). In particular, H(A) = 0 and so A = ∅. Suppose that A ⊆ V fc(L1) ∪ V fc(L2) =
V fc(L1 M L2) for some R-submodules 0 = L1, L2 R M . It follows that H(A) ⊆ V fc(L1 M L2) and it follows from our
assumption that H(A) ⊆ L1 so that A ⊆ V fc(L1) or H(A) ⊆ L2 so that A ⊆ V fc(L2). Consequently, A is not the union of
two proper closed subsets, i.e. A is irreducible. 
Theorem 3.26. Let RM be duo.
1. Specfc(M) is irreducible if and only if CoradfcM(M) is fully coprime in M.
2. If RM is self-injective, then S(M) is irreducible if and only if Soc(M) is fully coprime in M.
Example 3.27. If A ⊂ Specfc(M) is a chain, then A is irreducible. In particular, if RM is uniserial, then Specfc(M) is irre-
ducible.
Proposition 3.28. Let RM be duo. The bijection (8) restricts to bijections:
Specfc(M) ↔ {A ∣∣A ⊆ Specfc(M) is an irreducible closed subset}
and
Max
(
Specfc(M)
)↔ {A ∣∣A ⊆ Specfc(M) is an irreducible component}.
Proof. Recall the bijection CRfc(M) V
fc(−)−→ CL(Zfc(M)).
Let K ∈ Specfc(M). Then K = H(V fc(K )) and it follows that the closed set V fc(K ) is irreducible by Proposition 3.25. On
the other hand, let A ⊆ Specfc(M) be a closed irreducible subset. Then A = V fc(L) for some L R M . Notice that H(A) is
fully coprime in M by Proposition 3.25 and that A = A = V fc(H(A)).
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clearly V fc(K ) is an irreducible component of Specfc(M) by “1”. Conversely, let Y be an irreducible component of Specfc(M).
Then Y is closed. By “1”, Y = V fc(L) for some L ∈ Specfc(M). Suppose that L is not maximal in Specfc(M), so that there
exists K ∈ Specfc(M) such that L  K ⊆ M . It follows that V fc(L)  V fc(L), a contradiction since V fc(K ) ⊆ Specfc(M) is
irreducible by “1”. We conclude that L is maximal in Specfc(M). 
Corollary 3.29. Let RM be duo. Then Specfc(M) is a Sober space.
Proof. Let A ⊆ Specfc(M) be a closed irreducible subset. By Proposition 3.28, A = V fc(K ) for some K ∈ Specfc(M). It follows
that
A = A = V fc(H(A))= V fc(K ) = {K },
i.e. K is a generic point for A. If L is a generic point of A, then it follows that V fc(K ) = V fc(L) whence K = L since
K , L ∈ Specfc(M). 
Proposition 3.30. Let RM be an S-IAD-module. Then RM is uniform if and only if Specfc(M) is ultraconnected.
Proof. Assume that RM is uniform. If V fc(L1), V fc(L2) ⊆ Specfc(M) are any two non-empty closed subsets, then L1 = 0 = L2
and so V fc(L1) ∩ V fc(L2) = V fc(L1 ∩ L2) = ∅, since L1 ∩ L2 = 0 contains by assumption some simple R-submodule which is
indeed fully coprime in M . Conversely, assume that the intersection of any two non-empty closed subsets of Specfc(M) is
non-empty. Let 0 = L1, L2 R M , so that V fc(L1) = ∅ = V fc(L2). By assumption V fc(L1 ∩ L2) = V fc(L1) ∩ V fc(L2) = ∅, hence
L1 ∩ L2 = 0. Consequently, RM is uniform. 
Theorem 3.31. Let RM be an S-IAD-module.
1. If S(M) is countable, then Zfc(M) is countably compact.
2. If S(M) is ﬁnite, then Zfc(M) is compact.
Proof. We prove only “1”, since “2” can be proved similarly. Assume that S(M) = {Nλk }k1 is countable. Let {X fc(Lα)}α∈I
be an open cover of Specfc(M), i.e. Specfc(M) ⊆⋃α∈I X fc(Lα). Since S(M) ⊆ Specfc(M), we can pick for each k  1, some
αk ∈ I such that Nλk  Lαk . Suppose
⋂
k1 Lαk = 0. Since RM is atomic, there exists some simple R-submodule 0 = N ⊆⋂
k1 Lαk , a contradiction since N = Nλk  Lαk for some k  1. Hence
⋂
k1 Lαk = 0 and we conclude that Specfc(M) =
X fc(⋂k1 Lαk ) =⋃k1 X fc(Lαk ), i.e. {X fc(Lαk ) | k 1} ⊆ {X fc(Lα)}α∈I is a countable subcover. 
Proposition 3.32. Let RM be duo and assume that Specfc(M) = S(M).
1. If RM has the min-property, then Specfc(M) is discrete.
2. M has a unique simple R-submodule if and only if RM has the min-property and Specfc(M) is connected.
Proof.
1. If RM has the min-property, then for every K ∈ Specfc(M) = S(M) we have {K } = X ({K }e), i.e. an open set. Since every
singleton set is open, Specfc(M) is discrete.
2. (⇒) Assume that RM has a unique simple R-submodule. Clearly, RM has the min-property and Specfc(M) is connected
since it consists of only one point.
(⇐) Assume that RM has the min-property and that Specfc(M) is connected. By “1”, Specfc(M) is discrete and so
S(M) = Specfc(M) has only one point since a discrete connected space cannot contain more than one point. 
Theorem 3.33. Let RM be an S-IAD-module and assume that every fully coprime R-submodule of M is simple.
1. Specfc(M) is countably compact if and only if S(M) is countable.
2. Specfc(M) is compact if and only if S(M) is ﬁnite.
As a direct consequence of Theorem 3.31 and Proposition 3.32 we obtain:
Theorem 3.34. Let RM be an S-IAD-module and assume that every fully coprime R-submodule of M is simple. Then RM is colocal if
and only if Specfc(M) is connected.
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Specfc(M).
Proof. Notice that S(M) ⊆ Specfc(M) (see Remark 3.12). If K ∈ Specfc(M), then An(K )  S is a prime ideal by Proposi-
tion 3.10, whence a maximal ideal by our assumption on S . It follows that K = Ke(An(K )) is simple: if 0 = K1  K , for
some K1 R M , then An(K )  An(K1)  S since Ke(−) is injective, a contradiction. 
Remark 3.36. The ring R is called π -regular, iff for each a ∈ R there exist a positive integer n = n(a), depending on a,
and x ∈ R such that an = anxan . If R is a left (right) duo ring, then every prime ideal of R is maximal if and only if R is
π -regular [14]. Moreover, R is called biregular, iff every ideal of R is generated by a central idempotent. By [31, 3.18 (6, 7)],
every prime ideal of a biregular ring is maximal.
Lemma 3.37. Let RM be a topfp R-module. If n  2 and A = {K1, . . . , Kn} ⊆ Specfc(M) is a connected subset, then for every i ∈
{1, . . . ,n}, there exists j ∈ {1, . . . ,n} \ {i} such that Ki R K j or K j R Ki .
Proof. Without loss of generality, suppose K1  K j and K j  K1 for all 2 j  n and set F :=∑ni=2 Ki , W1 := A∩X fc(K1) =
{K2, . . . , Kn} and W2 := A ∩ X fc(F ) = {K1} (if n = 2, then clearly W2 = {K1}; if n > 2 and K1 /∈ W2, then K1 ⊆∑ni=2 Ki ⊆
(K2 M ∑ni=3 Ki) and it follows that K1 ⊆∑ni=3 Ki . One can show by induction that K1 R Kn , a contradiction). So A =
W1 ∪ W2, a disjoint union of proper non-empty open subsets, a contradiction. 
Proposition 3.38. Let RM be an S-IAD-module and let ∅ = K = {Kλ}Λ ⊆ S(M). If |S(L)| < ∞ for every L ∈ Specfc(M), then K is
locally ﬁnite.
Proof. Let L ∈ Specfc(M) and set
F :=
∑
K∈K∩X fc(L)
K
(:= 0 if K ∩ X fc(L) = ∅).
Notice ﬁrst that L  F : If L ⊆ F , then there exists a simple R-submodule 0 = K˜ ⊆ L ⊆ F . Since M has the min-property by
Lemma 3.17, we conclude that K˜ = K for some K ∈ K∩X fc(L), a contradiction. So, L ∈ X fc(F ). Since |S(L)| < ∞, there exists
(if any) a ﬁnite number of simple R-submodules {Kλ1 , . . . , Kλn } = K ∩ V fc(L). It is clear that {Kλ1 , . . . , Kλn } = K ∩ X fc(F )
and we are done. 
Lemma 3.39. If RM is an S-IAD-module, then the following are equivalent for any L R M:
1. L ∈ S(M);
2. L is fully coprime in M and V fc(L) = {L};
3. {L} is closed in ZfcM.
Proof. Notice that, by Remark 3.12, S(M) ⊆ Specfc(M). Let L R M .
(1) ⇒ (2) and (2) ⇒ (3) are obvious.
(3) ⇒ (1) Assume that {L} is closed in ZfcM . Then {L} = V fc(K ) for some K R M . If R L is not simple then, since RM is
atomic, there exists some simple R-submodule L˜ of M such that L˜  L. It follows that {L, L˜} ⊆ V fc(K ) = {L}, a contradic-
tion. 
A topological space is T1 if and only if every singleton set is closed. In light of this, the previous lemma yields:
Proposition 3.40. If RM is an S-IAD-module, then Specfc(M) = S(M) if and only if Zfc(M) is T1 (Fréchet space).
Combining the previous results we obtain
Theorem 3.41. Let RM be an S-IAD-module. The following are equivalent:
1. Specfc(M) = S(M);
2. Zfc(M) is discrete;
3. Zfc(M) is T2 (Hausdorff space);
4. Zfc(M) is T1 (Fréchet space).
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